Slow drift is a large, low-frequency motion of a floating platform caused by nonlinear hydrodynamic forces. Although slow drift is a well-known phenomenon for ships and other floating structures, new platforms for floating wind turbines are significantly smaller in scale, and it is yet to be established how important slow drift is for them. In this paper we derive an approximate expression for the scaling of the slow drift motion with platform size, mooring characteristics and wave conditions. This suggests that slow drift may be less important for floating wind turbines than other, larger, floating structures. The accuracy of the approximations is discussed; in the one case where detailed data is available, the approximate result is found to be conservative by a factor of up to 40.
Introduction
Floating wind turbines are increasingly of interest for their ability to access wind resources over deep water. Their development draws on both existing fixed-base wind turbines and other types of floating platforms, but introduces additional modelling challenges which require the development of new modelling tools. In this paper we consider the importance of the 'slow drift motion' for floating wind turbines; a wider discussion of modelling floating wind turbines is given in Ref. [1] .
Slow drift is a large, low-frequency motion of a floating platform caused by nonlinear hydrodynamic forces which excite a resonant motion of the moored platform [2, chapter 5] . These second-order forces are much smaller than the main hydrodynamic loading, but occur at low frequencies where there is otherwise little excitation. Since there is typically little damping in the low-frequency modes of the moored platform, the response can be large despite the small magnitude of the forces. Slow drift is therefore one of the three main components of the loadings and motion in a mooring system, alongside static and wave-frequency forces [3] . Although we focus here on the low-frequency forces, there are similar high-frequency nonlinear forces which can excite structural vibration models of the structure [2] .
As well as its practical importance for design, this motion presents challenges in modelling. In the time domain, the low frequency of the motion means that very long simulations are needed to properly capture the behaviour. In the frequency domain, although the spectrum of the nonlinear forces can be calculated fairly easily, the statistics are non-Gaussian, which adds a little to the difficulty of predicting the response. It is therefore useful to know how significant the slow drift motion can be for floating wind turbines. Note that it is not necessary to neglect it completely to achieve simplifications: in the frequency domain, simplifications can be made if the slow drift motion is small compared to the wave frequency motion, and its statistics can be approximated as Gaussian.
Although slow drift is well-known in traditional floating offshore structures, it has been studied in only a few cases for floating wind turbines. Lucas [4] calculated the first-and secondorder response of the OC3-Hywind spar-buoy [5] and a semisub platform, using the commercial panel code WAMIT [6] together with an in-house code, for three regular-wave and three irregularwave conditions. More recently, motivated by observations of possible second-order effects in scale model tests [7] , Roald et al. [8] calculated first-and second-order forces and responses for two specific floating wind turbine designs, the same OC3-Hywind spar buoy, and a tension-leg platform (TLP). They also used WAMIT, together with linearised system matrices calculated by the wind turbine code FAST [9] . Although FAST does not yet account for second-order hydrodynamics, this is being addressed [10] . Bayati et al. [11] apply the same approach to a semisub platform.
The conclusions of these results for the different platforms and wave conditions vary: in some cases the slow drift response is smaller than the first-order motion, and in some cases it is larger. This contrasts with the expectation for traditional floating structures that the slow drift motion is large compared to the first-order motion, albeit for only the few results which are available. We suggest this difference in behaviour may be due to the significant difference in scale between floating wind turbines and other floating structures: some can be an order of magnitude larger than floating wind turbine platforms, while ships can be even larger.
To our knowledge there is no particular discussion in the literature of how slow drift motion scales with the size of the floating platform. In this paper, we derive an expression which approximates the scaling of the slow drift motion with platform size, mooring characteristics and wave conditions. While the studies mentioned above give results for particular platform designs and wave conditions, we aim to give a more general result. To do this several approximations and assumptions have been made, so the result is only an approximation. We conclude by discussing the expected accuracy of these approximations.
Frequency-domain models of floating wind turbines, whether or not they include second-order hydrodynamics, have previously limited themselves to the rigid-body dynamics of the floating platform [1] . Although this is often reasonable, it has sometimes been presented as a limitation of the frequency-domain approach itself. We therefore note that the approach described here is capable of including the flexibility of the structure, and give an example of the 'OC3-Hywind' floating wind turbine mentioned above.
Before beginning we should put these second-order low-frequency forces into perspective on a wind turbine. As Roald et al. [8] show, when the turbine is operating the low-frequency aerodynamic forces on the rotor are much larger than the lowfrequency hydrodynamic forces, making the second-order hydrodynamic forces unimportant. However, they are still of interest whenever the turbine is not operating. This may be due to high wind speeds (in extreme environmental conditions), or due to faults (under any environmental conditions).
Frequency-domain model of flexible structure
The basic form of the frequency domain model is
or equivalently qðuÞ ¼ HðuÞFðuÞ
where H is the system transfer function matrix, and q and F are the complex amplitude of the response and applied force for sinusoidal motion at frequency u:
with the convention that the real part is assumed. If the crossspectral density of the force is S FF (u), the cross-spectral density of the system response can be found as [12, 
These equations are very general. Next, the parts of the equation of motion (1) will be defined in more detail in relation to a general floating structure. Then the frequency-domain model is applied to an example floating wind turbine.
Equations of motion of a floating structure
For a flexible structure with hydrodynamic loading, the mass, damping and stiffness matrices which appear in Equation (1) can be written as
Here A h and B h are the hydrodynamic added mass and radiation damping matrices; B v is a linearised viscous damping matrix; K h is the hydrostatic stiffness matrix; K m is the linearised mooring line stiffness; and M struct , B struct and K struct are the structural mass, stiffness and damping matrices. Most commonly the submerged part of the structure will be assumed rigid and the hydrodynamic, hydrostatic and mooring matrices will contain only the terms relating to the six rigid-body degrees of freedom, while the structural system matrices will in general relate to all the degrees of freedom of the structure. The applied forces consist of aerodynamic loads on the wind turbine rotor, wave excitation forces, and viscous drag forces. Here we ignore aerodynamic and viscous forces, although they could be included given a suitable linearisation. Mooring line forces are assumed to be accounted for by the linearised stiffness matrix K m and are not counted as applied forces here. Correct to second order, the wave excitation forces can be written as the first two terms in a Volterra series,
where zðuÞ is the Fourier transform of the sea surface elevation, and H 1 (u) and H 2 (u 1 ,u 2 ) are the Fourier transforms of the first-and second-order Volterra kernels [13] . This shows that the wave loading consists of forces at u which are linear in the wave amplitudes, and forces at u 1 þ u 2 which are second order in the wave amplitudes. Because the range of the integrals above is from À∞ to ∞, the second-order forces occur at both the sum and difference frequencies of the waves. The difference-frequency forces are of particular interest because they can excite large platform motions. Although in future it may be of interest to include sum-frequency forces, they are not considered further at present.
The wave forces are more commonly written in terms of the wave excitation coefficients X(u) and the quadratic transfer functions (QTFs) T(u 1 ,u 2 ), which are directly related to the formal Volterra kernels H 1 and H 2 [14] :
The spectrum of the first-order forces is
Pinkster [15] shows that the second-order force spectrum is
where S zz ðuÞ is the wave power spectrum. Calculation of the full QTF matrix T(u 1 ,u 2 ) can be time consuming, so sometimes an approximation known as Newman's approximation is used [2, chapter 5]:
This can give satisfactory results because in most cases it is the low frequency forces that are of interest, for which u 1 is close to u 2 .
Although in general the first and second order forces vary with the angle of approach of the waves, we consider here only unidirectional waves.
First and second order motion of a floating wind turbine
The equations above apply to any floating structure. We now consider the application to a floating wind turbine; as a specific example the OC3-Hywind reference turbine defined by the OC3 project is used [5] . The first-and second-order response is found, and verified by comparison to published results for this turbine. In this case the second-order motion will be shown to be small compared to the first-order motion, which would be, as discussed in the introduction, an unusual result for floating oil & gas platforms.
The structural matrices are found by building a multibody structural model [1] . The layout of the model is shown in Fig. 1 . All parameters are supplied by the OC3 project [5] . From this multibody model the matrices M struct , B struct and K struct are found by numerical linearisation.
The hydrodynamic coefficients are typically calculated by a numerical panel method code. The details are not presented here, since data is published by the OC3 project for A h (u), B h (u), K h and X(u), as well as the linearised mooring line stiffness K m . The diagonals of the QTFs are provided by Lucas [4] ; the full matrix T(u 1 ,u 2 ) is reconstructed using Newman's approximation (Equation (11)). Fig. 2 shows an example of the first-and second-order hydrodynamic forces on the platform. They have been calculated for a JONSWAP wave spectrum with a significant wave height of 4 m and a peak period of 6 s. The waves are unidirectional and aligned with the surge axis; because the platform is symmetric, the sway and roll forces are zero.
Some of the platform transfer functions are plotted in the top of Fig. 3 . Peaks at the surge, pitch and heave natural frequencies are visible. The frequencies match well with published results from the OC3 code-comparison project, shown by Table 2 and Fig. 4 .
Also shown in Fig. 3 are the response power spectra for platform motion in surge, heave and pitch, as well as the tower-top elastic deflection. Results provided by OC3 from simulations in FAST are shown by the black lines. Generally there is a good match, although the frequency resolution in the FAST results is low, and the dynamic range of the plots is large.
The slow drift motion is visible as the peaks at the left, corresponding to the platform natural frequencies in surge and pitch. Although in general the low-frequency motion can be large compared to the wave-frequency response [3, chapter 9] , here the low-frequency peaks in Fig. 3 and rms values in Table 1 are relatively small. This is the motivation for the following section which aims to understand if this is due to the smaller scale of floating wind turbines.
Scaling of slow drift motions
We now return to investigate the scaling of slow drift motions with platform size, mooring characteristics and wave conditions. Since the aim is to derive simple, approximate results, only motion in the surge direction is considered, and only platforms which are vertical cylinders of various draft and radius are considered. The natural frequency in surge is assumed to be low, and constant as the mass of the platform varies, since it is usually chosen to avoid the main wave forcing frequencies, which are independent of the size of the platform. Damping is also assumed to be small and independent of platform size.
Approximations for the mean surge force acting on the cylinder, and for the wave spectrum are also introduced below. The implications of these assumptions will be discussed further in Section 3.2 below.
Derivation of approximate response
Since for simplicity only the surge degree of freedom of the platform is considered, only the surge component of the second order force is required. The surge component of the spectrum S ð2Þ FF ðuÞ is written S (2) (u). Aranha and Fernades [16] show that for small u the spectrum is nearly flat,
In general the slow drift response would be found from Equations (4) and (5), but because the surge motion is assumed to be lightly damped and the surge natural frequency is small, the slow drift response can be found using the white-noise approximation [12] :
where s x is the surge response standard deviation, S white is the white-noise approximation of the surge force, M is the platform mass, and z and u n are the damping and natural frequency in surge respectively. The damping factor can include linearised viscous damping effects, as well as other sources of damping. The use of the white-noise approximation is acceptable because the lightlydamped response is mostly determined by the forcing at the resonant frequency. Since the force spectrum is nearly flat (Equation (12)) and the resonant frequency is assumed small, the spectrum at zero frequency can be used: S white z S 0 . The mass of the cylinder is assumed to be equal to its displacement:
where r is the density of water, d is the draft of the cylinder and a is the radius. Added mass, which depends non-trivially on the shape of the platform, increases the effective mass of the platform. However, since the focus of the analysis is on the effect of scale, rather than shape, added mass is neglected here.
The value of the second-order force spectrum at zero frequency is needed in Equation (13) . It can be found from Equation (10) 
The exact shape of the wave spectrum is not a concern here; rather the aim is to find an approximate but closed-form result. Therefore for analytical convenience the wave spectrum is approximated by a uniform rectangular spectrum of height C between u 1 and u 2 (Fig. 5, left) , which matches the first three spectral moments. It can be shown that
where
and the mean wave frequency is
is the gamma function. 'Asymmetric flapwise pitch' is a mode where the blades move out of the rotor plane with a horizontal axis of symmetry; 'asymmetric flapwise yaw' is similar but with a vertical axis of symmetry. In the 'collective flap' modes all blades move out of the rotor plane together. The edgewise modes are analogous but with motion in the rotor plane. Table 2 for explanation. Fig. 5 . Approximations introduced in deriving the slow drift motion results. On the left, the wave spectrum is approximated by a rectangular spectrum which matches the first three spectral moments. On the right, the mean drift force is approximated by the two asymptotes. OC3-Hywind data from Ref. [4] .
For simplicity the mean surge force on a fixed bottom-piercing cylinder is used as an estimate of D(u), although it is recognised that this is only an approximation of the more complex force on the moving platform. The mean force can then be written as a sum of Bessel and Hankel functions [18] , but is not in a form which is easily integrable. Instead it is approximated by the two asymptotes shown in the right of (20) where ka is the non-dimensional frequency, which in deep water is related to angular frequency u by ka ¼ u 2 a/g [2, 19] . The two asymptotes meet when ka ¼ 0.6, which corresponds to a frequency of u X ¼ ð0:6g=aÞ
1=2 . Note that these asymptotes are conservative for all values of ka, although the underlying assumption of using the force on a fixed cylinder instead of the true floating cylinder may not always be conservative. As an example of the approximation involved, Fig. 5 also shows the mean drift force on the OC3-Hywind platform; in this case the approximation is in fact conservative. Using Equation (19) , the integral in Equation (16) can be evaluated:
This integral must be evaluated in two parts, corresponding to the two asymptotes of Equation (20); depending on the relative values of the cylinder radius and the wave spectrum mean period, one or both parts are needed. The results are:
where I L1 is the value of the integral evaluated at u 1 when this lies within the lower asymptote, I H1 is the corresponding value when u 1 lies within the upper asymptote, I HX is the value for the upper asymptote at u X , and so on.
Substituting Equations (14)e (22) into Equation (13) results in an expression for the slow drift standard deviation:
where Fða; u m Þ ¼ I 1=2 a À1 H À2 s , and I is given in Equation (22). Equation (23) represents the main result of this paper: it predicts how the order of magnitude of the slow drift motion varies with both the structural and mooring properties (damping factor z, natural frequency in surge u n , platform size a and draft d), and the wave environment (significant wave height H s and mean wave period u m ).
The dependence on the platform radius a and mean wave period u m is relatively complex, described by the function F(a,u m ), while the dependence on the other parameters is straightforward. Table 3 lists the results in the limits of very small and very large diameters when only one of the asymptotes of Equation (20) applies. The scaling at intermediate diameters can of course be determined from Equations (22) and (23) but takes a more complicated form.
The force function I and response function F are both plotted in the top row of Fig. 6 . Overall, the slow drift force I increases with the cylinder diameter. The force is reduced for very low-frequency waves, because then the platform is small compared to the wavelength. Looking at the response function F in the top right of Fig. 6 , different types of behaviour are seen at low and high frequencies. At low frequencies, the response increases with the size of the platform in the same way as the force. At high frequencies, the inertia of the platform becomes more important and the large inertia of large platforms causes the response to reduce as the size of the platform increases.
Typical mean wave frequencies in the North Sea might be roughly 0.5e0.8 rad s
À1
, while in extreme conditions they may be 0.3e0.4 rad s À1 [2] . At the lower frequencies, the slow drift motion is predicted to decrease with diameter at all scales, supporting the original suggestion that smaller floating structures will experience smaller slow drift motions. At the higher frequencies, the picture is more complicated but at the scale of typical floating wind turbines, the same conclusion seems to hold. According to Equation (23), the draft of the platform also has a significant effect. This seems relevant to the original example of the OC3-Hywind platform, which is a spar buoy with a very deep draft of 120 m. In the approximate result, the dependence on draft is purely through its effect on the platform inertia. In reality the mean drift force is also affected by draft, but this is not seen in the approximate results because the mean drift force is approximated by the mean drift force on a bottom-piercing fixed cylinder. The difference will be negligible for short waves (high u m ) but for long waves (low u m ) the force may be overestimated since part of the wave can pass below the platform.
Validity of approximations
In deriving the approximate result of Equation (23), eight main assumptions have been made:
1. Only cylindrical platforms are considered. Although this is a limitation, many platforms are indeed cylindrical. 2. Only surge motion is allowed. For floating offshore systems it is usual for the peak mooring line forces to be dominated by the second order motions in surge, sway and yaw. The present analysis is concerned predominantly with the surge motion of a floating turbine, and it address the question of whether second order slow drift motion is significant for this type of system. 
Platform draft d

À1
Other components of the turbine motion, for example pitch, will affect other aspects of the system performance and design, although this is beyond the main scope of the present work. Low frequency second order motions in degrees of freedom other than surge, were these of interest, could be readily be investigated by using the present methodology. 3. Natural frequency and damping are assumed constant for any size of platform. This is reasonable in that natural frequencies are usually chosen to be far away from the main wave-frequency forcing, which is independent of platform size. 4. The natural frequency is assumed to be small and damping is assumed to be light, where 'small' implies that S ð2Þ FF ðu n ÞzS ð2Þ FF ð0Þ. 5. The mean surge force on the floating platform is approximated by the mean surge force on a fixed bottom-piercing cylinder of the same diameter. The impact of this and the previous assumption will be illustrated for one particular case in the next section. 6. The mean surge force on the fixed cylinder is approximated by its two asymptotes. … 7. The wave spectrum is approximated by the rectangular spectrum.
These two can easily be assessed by numerically calculating the integral I using the original ISSC wave spectrum and the fixed cylinder mean drift force, rather than using the rectangular approximation and the mean drift force asymptotes of Fig. 5 . The results of the latter are shown in the top part of Fig. 6 and were described above; the results of the former are shown in the bottom part of Fig. 6 . Compared to the numerical solution, the approximations over-predict the response for moderate diameters and wave frequencies. Fig. 7 shows this more clearly.
Since the approximate results are conservative by a factor of 3 or less, the use of the results to estimate the scaling of the slow drift motion is justified. 8. Added mass is neglected. Inertial forces are small at the low frequencies of interest here; in any case, neglecting the added mass is a conservative assumption.
Numerical results for slow drift motion
Of the assumptions above, the impact of numbers 3 and 4 can be illustrated by calculating the full transfer function and secondorder force spectrum for a particular case where data is available, the OC3-Hywind platform used previously. This platform is a spar buoy and has a diameter of 6.5 m at the waterline, tapering to 9.4 m diameter 12 m below the surface. This causes the actual mass of the platform to be roughly twice the value calculated by Equation (14) , and this has been corrected for in the results which follow by modifying the estimated platform mass of Equation (14) to reflect the actual shape of the platform.
The slow drift motion standard deviation is found from Equations (4) and (5), as described in Section 2. To be consistent with the approximate results, only the surge degree of freedom is included.
The upper part of Fig. 8 compares the approximate slow drift standard deviation with the full numerical calculation, for the ISSC spectrum (Equation (17) ). The difference between the results labelled 'analytical' and 'numerical' is the same as that discussed above and shown in Fig. 6 : the rectangular approximation of the spectrum and the asymptotic mean drift force. The difference between the 'numerical' and 'full' curves is due mainly to the fact that the cylinder is not rigidly attached to the sea bed, and also the tapered shape. In this case, the 'numerical' results overestimate the slow drift motion by up to a factor of 10, and at worst the 'analytical' results overestimate the motion by an additional factor of 4. Note that the approximate results agree better than this within the range of typical wave frequencies (shaded). In particular, the motion predicted by all results is small in the storm wave range.
The lower part of Fig. 8 shows the approximate predictions for the three platform geometries listed in Table 4 . The UMaine TLP has been included as it is the other platform studied by Roald et al. [8] . The Sevan FPSO [21] is included as an example of a much larger offshore floating structure. These results illustrate again the prediction of the approximate result that the slow drift motion of the larger structure is indeed larger than the smaller wind turbine platforms.
Conclusions
In this paper a frequency-domain model of a flexible floating wind turbine structure with first-and second-order hydrodynamic loading has been developed. Although previous work on frequency-domain modelling of floating wind turbines has neglected the structural dynamics of the turbine structure, this need not be the case.
A simplified analysis of the scaling of the second-order response with the size of the platform was developed. Although the response depends on several parameters, within the main region of interest the second-order response is predicted to decrease with platform diameter. Since floating wind turbine platforms are generally smaller than other offshore floating structures, their second-order response may indeed be relatively small. This has implications for modelling, since if the second-order response is small, simplified and more efficient approaches are possible. The implications are also practical, since slow drift can be an important feature for the design of the floating platform. Several assumptions and approximations were made in order to derive a closed-form result. Limited data is available to verify the error introduced by these approximations; in the one available case, the approximate result is conservative by, at worst, a factor of 40. More data is needed to determine to what extent the simplified analysis represents actual floating wind turbine platforms. It may also be possible to relax some of the assumptions to give better estimates of the slow drift response. Table 4 . The shaded bands show typical wave frequencies under storm and normal conditions [2] . [20] 3.25 24.0 0.16 5% Sevan FPSO [21] 30.00 17.0 0.053 5%
